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SPECTRA OF “FATTENED” OPEN BOOK
STRUCTURES
JAMES E. CORBIN AND PETER KUCHMENT
Dedicated to the memory of great mathematician and friend Victor Lomonosov
Abstract. We establish convergence of spectra of Neumann Lapla-
cian in a thin neighborhood of a branching 2D structure in 3D to
the spectrum of an appropriately defined operator on the struc-
ture itself. This operator is a 2D analog of the well known by now
quantum graphs. As in the latter case, such considerations are
triggered by various physics and engineering applications.
Introduction
We consider a compact sub-variety M of R3 that locally (in a neigh-
borhood of any point) looks like either a smooth submanifold or an
“open book” with smooth two-dimensional “pages” meeting transversely
along a common smooth one-dimensional “binding,”1 see Fig. 1. Clearly,
any compact smooth submanifold of R3 (with or without a boundary)
qualifies as an open book structure with a single page. Another exam-
ple of such structure is shown in Fig. 2.
A “fattened” versionM ofM is an (appropriately defined) –neighborhood
of M , which we call a “fattened open book structure.”
Consider now the Laplace operator −∆ on the domain M with Neu-
mann boundary conditions (“Neumann Laplacian”), which we de-
note A. As a (non-negative) elliptic operator on a compact manifold,
it has discrete finite multiplicity spectrum λn := λn(A
) with the only
accumulation point at infinity. The result formulated in this work is
that when  → 0, each eigenvalue λn converges to the corresponding
eigenvalue λn of an operator A on M , which acts as −∆M (2D Laplace-
Beltrami) on each 2D stratum (page) of M , with appropriate junction
conditions along 1D strata (bindings).
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1We do not provide here the general definition of what is called Whitney stratifi-
cation, see e.g. [1,20,28,41], resorting to a simple description through local models.
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Figure 1. An open book structure with “pages” Mk
meeting at a “binding.”
M1 M2 M4
M3
E
Figure 2. A transversal intersection of two spheres
yields an open book structure with four pages and a
circular binding. The requirement of absence of zero-
dimensional strata prohibits adding a third sphere with a
generic triple intersection. Tangential contacts of spheres
are also disallowed.
Similar results have been obtained previously for the case of fattened
graphs (see [27,35], as well as books [2,31] and references therein), i.e.
M being one-dimensional.
The case of a smooth submanifold M ⊂ R3 is not that hard and
has been studied well under a variety of constraints set near M (e.g.,
[2, 18, 21, 25]). Having singularities along strata of lower dimensions
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significantly complicates considerations, even in the quantum graph
case [3–5,7, 21,23–25,27,35,39].
Our considerations are driven by the similar types of applications
(see, e.g. [2, 8, 10–17,22,22,25,34–38]), as in the graph situation.
The Section 1 contains the descriptions of the main objects: open
book structures and their fattened versions, the Neumann Laplacian
A, etc. The next Section 2 contains formulation of the result. The
proof is reduced to constructing two families of “averaging” and “ex-
tension” operators. This construction is even more technical than in
the quantum graph case and will be provided in another, much longer
text. The last Section 3 contains the final remarks and discussions.
In this article the results are obtained under the following restric-
tions: the width of the fattened domain shrinks “with the same speed”
around all strata; no “corners” (0D strata) are present; the pages in-
tersect transversely at the bindings. Some of them will be removed in
a further work.
1. The main notions
1.1. Open book structures. Simply put, an open book structure2 M
is connected and consists of finitely many connected, compact smooth
submanifolds (with or without boundary) of R3 (strata) of dimen-
sions two and one, such that they only intersect along their boundaries
and each stratum’s boundary is the union of some lower dimensional
strata [20]. We also assume that the strata intersect at their bound-
aries transversely. In other words, locally M looks either as a smooth
surface, or an “open book” with pages meeting at a non-zero angle at
a “binding.” Up to a diffeomorphism, a neighborhood of the binding
looks like in Fig. 3.
1.2. The fattened structure. We can now define the fattened open
book structure M.
Let us remark first of all that there exists 0 > 0 so small that for any
two points x1, x2 on the same page of M , the closed intervals of radius
0 normal to M at these points do not intersect. This ensures that
the  < 0-fattened neighborhoods do not form a “connecting bridge”
between two points that are otherwise far away from each other along
M . We will assume that in all our considerations  < 0, which is not
a restriction, since we will be interested in the limit → 0.
We denote the ball of radius r about x as B(x, r).
2One can find open book structures in a somewhat more general setting being
discussed in algebraic topology literature, e.g. in [32,42].
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Figure 3. A local model of a binding neighborhood
Definition 1.1. Let M denote an open book structure in R3 and 0 > 0,
as defined above. We define for any  < 0 the corresponding fattened
domain M as follows:
(1) M :=
⋃
x∈M
B(x, )
1.3. Quadratic forms and operators. We adopt the standard nota-
tion for Sobolev spaces (see, e.g. [29]). Thus, H1(Ω) denotes the space
of square integrable with respect to the Lebesgue measure functions on
a domain Ω ⊂ Rn with square integrable first order weak derivatives.
Definition 1.2. Let Q be the closed non-negative quadratic form with
domain H1(M), given by
(2) Q(u) =
∫
M
|∇u|2 dM
We also refer to Q(u) as the energy of u.
This form is associated with a unique self-adjoint operator A in
L2(M). The following statement is standard (see, e.g. [6, 29]):
Proposition 1.3. The form Q corresponds to the Neumann Lapla-
cian A = −∆ on M with its domain consisting of functions in
H2(M) whose normal derivatives at the boundary ∂M vanish.
Its spectrum σ(A) is discrete and non-negative.
Moving now to the limit structure M , we equip it with the surface
measure dM induced from R3.
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Definition 1.4. Let Q be the closed, non-negative quadratic form (en-
ergy) on L2(M) given by
(3) Q(u) =
∑
k
∫
Mk
|∇Mku|2 dM
with domain G1 consisting of functions u for whose Q(u) is finite and
that are continuous across the bindings between pages Mk and Mk′:
(4) u|∂Mk∩Em = u|∂Mk′∩Em .
Here ∇Mk is the gradient along Mk and restrictions in (4) to the binding
Em coincide as elements of H
1/2(Em).
Unlike the fattened graph case, by the Sobolev embedding theorem
[6] the restriction to the binding is not continuous as an operator from
G1 to C(Em), it only maps to H1/2(Em). This distinction significantly
complicates the analysis of fattened stratified surfaces in comparison
with fattened graphs.
Proposition 1.5. The operator A associated with the quadratic form
Q acts on each Mk as
(5) Au := −∆Mku,
with the domain G2 consisting of functions on M such that the following
conditions are satisfied:
•
(6) ||u||2L2(M) + ||Au||2L2(M) <∞,
continuity across common bindings Em of pairs of pages Mk,Mk′:
(7) u|∂Mk∩Em = u|∂Mk′∩Em ,
• Kirchhoff condition at the bindings:
(8)
∑
k:∂Mk⊃Em
Dνku(Em) = 0,
where −∆Mk is the Laplace-Beltrami operator on Mk and Dνk denotes
the normal derivative to ∂Mk along Mk.
The spectrum of A is discrete and non-negative.
The proof is simple, standard, and similar to the graph case. We
thus omit it.
6 JAMES E. CORBIN AND PETER KUCHMENT
2. The main result
Definition 2.1. We denote the ordered in non-decreasing order eigen-
values of A as {λn}n∈N, and those of A as {λn}n∈N.
For a real number Λ not in the spectrum of A, we denote by PΛ
the spectral projector of A in L2(M) onto the spectral subspace corre-
sponding to the half-line {λ ∈ R |λ < Λ}.
Similarly, PΛ denotes the analogous spectral projector for A. We
then denote the corresponding (finite dimensional) spectral subspaces
as PΛL2(M) and PΛL2(M) for M and M respectively.
We now introduce two families of operators needed for the proof of
the main result.
Definition 2.2. A family of linear operators J from H
1(M) to G1 is
called averaging operators if for any Λ /∈ σ(A) there is an 0 such
that for all  ∈ (0, 0] the following conditions are satisfied:
• For u ∈ PΛL2(M), J is “nearly an isometry” from L2(M) to
L2(M) with an o(1) error, i.e.
(9)
∣∣∣∣ ∣∣∣∣u∣∣∣∣2L2(M) − ∣∣∣∣Ju∣∣∣∣2L2(M)
∣∣∣∣ ≤ o(1)∣∣∣∣u∣∣∣∣2H1(M)
where o(1) is uniform with respect to u.
• For u ∈ PΛL2(M), J asymptotically “does not increase the
energy,” i.e.
(10) Q(Ju)−Q(u) ≤ o(1)Q(u)
where o(1) is uniform with respect to u.
Definition 2.3. A family of linear operators K from G1 to H1(M) is
called extension operators if for any Λ /∈ σ(A) there is an 0 such
that for all  ∈ (0, 0] the following conditions are satisfied:
• For u ∈ PΛL2(M), K is “nearly an isometry” from L2(M) to
L2(M) with o(1) error, i.e.
(11)
∣∣∣∣ ∣∣∣∣u∣∣∣∣2L2(M) − ∣∣∣∣Ku∣∣∣∣2L2(M)
∣∣∣∣ ≤ o(1)∣∣∣∣u∣∣∣∣2G1
where o(1) is uniform with respect to u.
• For u ∈ PΛL2(M), K asymptotically “does not increase” the
energy, i.e.
(12) Q(Ku)−Q(u) ≤ o(1)Q(u)
where o(1) is uniform with respect to u.
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Existence of such averaging and extension operators is known to be
sufficient for spectral convergence of A to A (see [31]). For the sake of
completeness, we formulate and prove this in our situation.
Theorem 2.4. Let M be an open book structure and its fattened part-
ner {M}∈(0,0] as defined before. Let A and A be the operators on M
and M as in Definitions 1.3 and 1.5.
Suppose there exist averaging operators {J}∈(0,0] and extension op-
erators {K}∈(0,0] as stated in Definitions 2.2 and 2.3.
Then, for any n
λn(A) →
→0
λn(A).
We start with the following standard (see, e.g. [33]) min-max char-
acterization of the spectrum.
Proposition 2.5. Let B be a self-adjoint non-negative operator with
discrete spectrum of finite multiplicity and λn(B) be its eigenvalues
listed in non-decreasing order. Let also q be its quadratic form with the
domain D. Then
(13) λn(B) = min
W⊂D
max
x∈W\{0}
q(x, x)
(x, x)
,
where the minimum is taken over all n-dimensional subspaces W in the
quadratic form domain D
Proof of Theorem 2.4 now employs Proposition 2.5 and the aver-
aging and extension operators J, K to “replant” the test spaces W in
(17) between the domains of the quadratic forms Q and Q.
Let us first notice that due to the definition of these operators (the
near-isometry property), for any fixed finite-dimensional space W in
the corresponding quadratic form domain, for sufficiently small  the
operators are injective on W . Since we are only interested in the limit
→ 0, we will assume below that  is sufficiently small for these opera-
tors to preserve the dimension of W . Thus, taking also into account the
inequalities (9)-(12), one concludes that on any fixed finite dimensional
subspace W one has the following estimates of Rayleigh ratios:
(14)
Q(Ju)
||Ju||2L2(M)
≤ (1 + o(1)) Q(u)||u||2L2(M)
(15)
Q(Ku)
||Ku||2L2(M)
≤ (1 + o(1)) Q(u)||u||2L2(M)
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Let now Wn ⊂ G1 and W n ⊂ H1(M) be n, such that
(16) λn = max
x∈Wn\{0}
Q(x, x)
(x, x)
,
and
(17) λn = max
x∈W n\{0}
Q(x, x)
(x, x)
,
Due to the min-max description and inequalities (14) and (15), one
gets
(18) λn ≤ sup
u∈J(W n)
Q(Ju)
||Ju||2L2(M)
≤ (1 + o(1))λn,
and
(19) λn ≤ sup
u∈K(Wn)
Q(Ku)
||Ku||2L2(M)
≤ (1 + o(1))λn
Thus, λn − λn = o(1), which proves the theorem. 
The long technical task, to be addressed elsewhere, consists in prov-
ing the following statement:
Theorem 2.6. Let M be an open book structure and its fattened part-
ner {M}∈(0,0] as defined before. Let A and A be operators on M
and M as in Definitions 1.3 and 1.5. There exist averaging operators
{J}∈(0,0] and extension operators {K}∈(0,0] as stated in Definitions
2.2 and 2.3.
This leads to the main result of this text:
Theorem 2.7. Let M be an open book structure and its fattened part-
ner {M}∈(0,0]. Let A and A be operators on M and M as in Defi-
nitions 1.3 and 1.5.
Then, for any n
λn(A) →
→0
λn(A).
3. Conclusions and final remarks
• As the quantum graph case teaches [24, 31], allowing the vol-
umes of the fattened bindings to shrink when → 0 slower than
those of fattened pages, is expected to lead to interesting phase
transitions in the limiting behavior. This is indeed the case, as
it will be shown in yet another publication.
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• It is more practical to allow presence of zero-dimensional strata
(corners). The analysis and results get more complex, as we
hope to show in yet another work, with more types of phase
transitions.
• Resolvent convergence, rather than weaker local convergence of
the spectra, as done in [31] in the graph case, would be desirable
and probably achievable.
• One can allow some less restrictive geometries of the fattened
domains.
• The case of Dirichlet Laplacian is expected to be significantly
different in terms of results and much harder to study, as one
can conclude from the graph case considerations [21].
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